
method [10]. Among the advantages  of the method of e s t i m a t e s ,  we should make  mention of the following: f i r s t ,  
the s impl i c / ty  in finding subsequent  expansions  in powers  of 1/00, second, a knowledge of the range o v e r  which 
the exact  solution is appl icable;  and the s impl ic i ty  of genera l iza t ion  to a heat  r e l e a s e  function which is d i f fe r -  
ent f r o m  the Arrhen ius  function. P r e l i m i n a r y  r e su l t s  of this  pape r  as appl icable  to l aminar  f l ames  a r e  d i s -  
cussed  in [11]. 
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NONLINEAR ANALYSIS OF THE FLOW 

THE SUDDEN MOTION OF A WEDGE 

I N I T I A T E D  BY 

V.  V .  T i t a r e n k o  UDC 538.6.011 

Cer ta in  s e l f - s i m i l a r  p rob l ems  involving the sudden motion of a wedge which were  t r e a t ed  in the 
l inea r  approximat ion  in [1-3] a re  studied by the method of matched  asymptot ic  expansions.  The 
nature  of  the wave boundary of the pe r tu rbed  region is de te rmined .  Second-approximat ion  solu-  
t ions are  cons t ruc ted  which desc r ibe  flows behind weak shock fronts  propagat ing in a s ta t ionary  
gas and behind f ronts  of  weak discontinuity l ines propagat ing by known un i fo rm flows. A bound- 
a ry -va lue  p r o b l e m  is fo rmula ted  whose solution de sc r ibe s ,  in f i r s t  approximat ion,  flows in the 
neighborhoods of points of  in teract ion of the f ronts .  The exis tence  of s im i l a r i t y  ru les  of flows in 
these  nieghborhoods is e s t ima ted .  An approximate  solution of the p rob l ems  is given. 

w 1. Let  us c o n s i d e r t h e  flow of a s t a t ionary  ideal poly t ropic  gas a r i s ing  f rom the sudden motion of an in- 
finite wedge with constant  ve loci ty  W 0 l a the  negative Ox direct ion.  The p a r a m e t e r s  of this s e l f - s i m i l a r  p rob-  
l em are  the Mach num ber  of  the wedge M0=W0/a 0, the adiabat ic  exponent of the gas y ,  and the angles oQ, ~z 
between the edges  of the wedge of the Ox axis .  The following cases  are  examined;  a) a wedge with a r b i t r a r y  
ve r t ex  angle moving at low veloci ty  M0<< 1; b) a thin wedge a] =c~ v<l movingwi th  subsonic veloci ty;  c} a th inwedge  
moving with superson ic  veloci ty  (Fig. la_-b,, e , respee t ive ly) .  In the l a t t e r  case  the condition ozM 0 ~- 1 m u s t  be sa t i s f ied .  

Saratov.  T r a n s l a t e d  f r o m  Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 37-47, May- 
June, 1976. Or ig inal  ar t ic le  submi t ted  June 26, 1975. 
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In r e g i o n s  I - I I I  of  F ig .  1 outs ide  the zone OABCDO of  the  e f fec t  of  an edge  of  the wedge ( p e r t u r b e d  region)  
we have  u n i f o r m  f lows whose  p a r a m e t e r s  a re  known [1, 4] (p is the  p r e s s u r e ,  U is the  ve loc i t y  of  a p lane  shock  
f ront ,  and the s u b s c r i p t s  0 and j c o r r e s p o n d  to  the  p a r a m e t e r s  of  the  s t a t i o n a r y  gas  and u n i f o r m  flows):  

(P.i --  Po)/?Po = [2/(? --  t)][(U/ao) ~ - -  i ], (1.1) 

U/a  o = [(? + l)14]M0sinct i + | / 1  + {[(? + 1),'4]M#inc, j} 2. 

The  boundary  ABCD and the  n o n u n i f o r m  flow p a r a m e t e r s  in the p e r t u r b e d  r eg ion  m u s t  be d e t e r m i n e d .  

Hence fo r th ,  e i t h e r  M 0 o r  a wi l l  be c o n s i d e r e d  as the s m a l l  p a r a m e t e r  o f  the p r o b l e m  ~. Acco rd ing  to 
(1.1) the s t r eng th  of  p lane  s h o c k  w a v e s  is of  o r d e r  ~ in the  c a s e s  c o n s i d e r e d ,  and, consequen t ly ,  the flow in 
the  p e r t u r b e d  r eg ion  is i r r o t a t i o n a l  to o r d e r  r i nc lus ive ly .  

The  e x p r e s s i o n s  fo r  the v e l o c i t y  po ten t i a l  f and the L a g r a n g e - C a u c h y  equat ion  in s e l f - s i m i l a r  v a r i a b l e s  
in p o l a r  c o o r d i n a t e s  r ,  0 have  the  f o r m  [5-8] 

(1 - -  r z)/rr + (1 I r) lr + (l / r 2) foe = ( ? - -  l ) ( /  - -  rf r + (I t 2) 1~. + 

+ (t / 2r 2) [2) (frr + (1 / r) fr + (t / r ~) foe)+(]~ - -  2r/r)/rr & 

+ (2 / r ~) fo (re - -  r/r0) + (i ] r ~) ]~foo + (2 / r*)/tie/re -- (1/r3)/riO: (1.2) 

a 2 = (t + ?p)(~-~) v = i - -  ($ - -  1 ) ( / - -  r/r + (1 / 2)/~ + (1 / 2r e) 1~), (1.3) 

w h e r e  ] = ~ / a o t ;  P =  (P--Po)/?Po; rcos0  = x / a o t ;  r s i n 0  = g/aot [~(x, y, t) is  the ve loc i t y  po ten t i a l  in the 
s t a t i o n a r y  c o o r d i n a t e  s y s t e m ] .  

The  unknown boundary  of the p e r t u r b e d  r eg ion  is the a g g r e g a t e  of  weak  shock  f ron t s  and weak  d i s c o n -  
t inu i ty  l ines  p r o p a g a t i n g  in the  s t a t i o n a r y  gas  o r  by known u n i f o r m  f lows.  

We wr i t e  the  d i f f e r en t i a l  equa t ions  of  the shock  f ron ts  r =k(O),  the weak  d i scont inu i ty  l ines  r = r . ( 0 )  p r o p -  
aga t ing  by un i fo rm  f lows,  and the  condi t ions  on t h e m  in the f o r m  [5-8] 

2 [ D~ a2.! (1.4) 
fr--fJr=T'~7"-~ 1 l+k,2/k2 F~. ' D ' - = k - - f J r + k ' / j ~  

[ o ] 
P -- Pj 2 D~ (1.5) 
t+~,Pj - - ~ + 1  ~( t+k"/k ' - )  I ; /r /~ ,=k'( / j0- - /o) ;  

r. =/Jr  -- r:/jo/r: + at, | /1 + r'~/r~; (1.6) 

/r = ]~r ;  f0 =f~0; P = Pj for r =  r . .  (1.7) 

He re  a .  =a/a  o, and the ve loc i t y  po ten t i a l  and the p r e s s u r e  of  the j - t h  flow can be wr i t t en  in the  f o r m  
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/ j  = e [br cos (0 - -  (p) + el = e/}') + 821} 2) + . . .  ; (1 .8 )  

Pj = (P~ - -  Po)/YPo = edj + e~li + . . . .  

where  dj, l j ,  b, and e are  known cons tan t s ;  ~o is the angle between the axis  0=0 and the n o r m a l  to the plane 
shock  wave ini t ia t ing the j - t h  flow. 

We obta in  the equat ion o f  the weak  d iscont inu i ty  line by in t eg ra t ing  (1.6) and us ing  (1.8) (b=b  i + v_b2+...; 
e =el  + r  ~o=~ + ~o2 +'...): 

^3_(2) r ,  = eb cos (0 - -  (p) + | f l  - -  (y i 1) ee - -  e2b 2 [sin ~ (0 --  q~) + (y - -  1)/2] = 1 + 8r~ ) -f- ~ - ,  + . . . .  (1.9) 

whe re  

' ~  (2) b, cos (0 --  %) + blq~,, • _(1) = blCOS(0-- % ) - -  el; r, = 

b 2 
• s in  (0 - -  COl) ~ ~ e.,. -  in' ( 0  - -  _ r _ g _ !  b,= _ - -  d 8 

Equat ions  (1.4)-(1.9) a re  g r e a t l y  s impl i f i ed  fo r  a f ront  p ropaga t ing  in a s t a t i ona ry  gas (fj =Pj  =0).  

The p r o b l e m  is to in tegra te  the s y s t e m  of  non l inea r  equa t ions  (1.2) and (1.3) with the boundary  condi t ions  
(1.4), (1.5), (1.7), and (1.9) and the condi t ions  on the edges  o f  the  wedge.  

We seek  the solut ion in the f o r m  of  a sympto t i c  s e r i e s  in a s m a l l  p a r a m e t e r :  

P=-  e P O ) + e ~ P , : ) - ? . . . ;  ] = ~ /0 )+  e2f(~.) + . . . ;  (1.10) 

k = t @ ek ~ (0) -~ e2k (2) (0) + . . .  ; r .  = t @ er(~ 1) + e2r~ ;) + . . . .  (1.11) 

Subst i tut ing (1.10) into (1.2) and (1.3), we obtain the s y s t e m s  of  equa t ions  for  the f i r s t  and second  approx i -  
m a t i o n s .  The app rop r i a t e  boundary  condi t ions  a re  ob ta ined  by subs t i tu t ing  (1.10) and (1.11) into (1.4), (1.5), 
and (1.7) and into the condi t ion at the wedge bounda r i e s .  The p e r t u r b e d  r eg ions  in the l i nea r  app rox ima t ion  
are  shown in Fig .  1. 

If  we e l im ina t e  f(0 f r o m  the s y s t e m  of  equa t ions  fo r  the f i r s t  app rox ima t ion  and apply the B u s e m a n n -  
Chaplygin  t r a n s f o r m a t i o n  a =  ( 1 -  l~-f-:~-r2)/r, 0 = 0 ,  the p r o b l e m  is r educed  to finding the function p0)  (a, 0 ) , w h i c h  
is h a r m o n i c  in the p e r t u r b e d  r eg ion  and has  p i e c e w i s e - c o n s t a n t  va lues  on the boundary  r = a = l  [the va lues  of  
P(1) in Fig .  1 a re  shown a longside  the f ron t s :  0, s i na i ,  sin(~2, M0, m = M ~ / r  and sa t i s f i e s  the condi t ion 
P0 0) = 0 on the boundar ie s  of  the wedge .  In addit ion,  in case  (b) at point E with coo rd ina t e s  a = - ~ 0 = - ( 1 -  ~ 2 ) /  
M0, 0 = ~ , t h e f u n c t i o n P 0 )  mus t  have a given s ingu la r i t y  [11. 

The so lu t ions  of  the p r o b l e m s  indica ted  have the f o r m  

P(l 1) = s in  (21 �9 I{o~; 2~ (0 - -  al), - -  (~/2) ~} + sin % �9 I{a  ~', )~ (0 --  al), ~. (3n/2 - -  al  - -  a~.)}; (1.12) 

= -7"  V z 7 _ ~ 0 - 7 ~  -k-Mol{o, O, - -a /2};  

Pr 1) = rnI{o, O, a/2 + arcsin (l/M0) } q- MoI{o, O, --  a/2}, 2~ = a/(2a --  % -- %), 

whe re  the funct ion I is given by the r e l a t ion  

I{s, w, Wl} = (l/a)arctg{[(t - -  s")sin w,l/[2s cos w -- (1 + ,=)cosw,l}. (1.13) 

The va lues  of  a r c t a n  in (1.13) a re  taken  in the in t e rva l  (0, ~). The l ines of  equal  p r e s s u r e  ( isobars)  ca lcu la ted  
f r o m  (1.12) fo r  c e r t a i n  va lues  o f  the ini t ia l  p a r a m e t e r s  (a) oq =60 ~ o~2=15~ (b) M 0 = 0 . 5 ;  M0=~-2 are  shown in 
Fig.  l a - c ,  r e s p e c t i v e l y .  

In case  (c) upward  and downward  flows f r o m  the wedge are  independent  of  one another .  F o r  an a s y m m e t r i c  
thin wedge a 2 = A a l ,  0 < A-<I the p r e s s u r e  in the p e r t u r b e d  r eg ion  below the wedge is P4(I) =AP~(l) and the lift 
is d i r e c t e d  downward .  

Ana lys i s  o f  the r e s u l t s  of  the l i nea r  t h e o r y  show that  they  mus t  be r e f ined  n e a r  the boundar ies  of  the p e r -  

t u r b e d  r eg ion .  F r o m  (1.12) as r ~ l  

pp)  = dj + V ~ - r Q,/(,*V~) + 0 [ 0  - r~J~)], ~ = ~, 2 ,  3; ( 1 . 1 4 )  

= c t g @  0 - "~ - - C Z l ) - - c t g @ ( O + @ - - c q ) ] +  

3 3 0  



0 
- -  c t g {  } ~'2 

t. 

Q.~(0, M 0 ) = m  c t g . 5  ' 4 ,~ aresin l - - c t g (  ? 4 '2 

v. arcsin + M  0 e t g ( 0  7 1 - - e t g [ - 7 )  

The  p r e s s u r e  g r a d i e n t  in the  n e i g h b o r h o o d  o f  r =1 c l e a r l y  c o n t r a d i c t s  the  a s s u m p t i o n s  on which  the  l i n e a r  
(acous t ic )  t h e o r y  i s  b a s e d .  

F r o m  an a n a l y s i s  of  the  e x a c t  e q u a t i o n s  and b o u n d a r y  c ond i t i ons  (1 .2)-(1 .9)  s i m i l a r  to  tha t  p e r f o r m e d  
in the  s tudy  of  n o n l i n e a r  c o n i c a l  gas  f lows [91 i t  can  be e s t a b l i s h e d  tha t  in the  f i r s t  a p p r o x i m a t i o n  

Pr(]i' .(~) = - - 2 ( 7 - -  1 ) - -  . . .: P,.(r., 0) = I,( 7 - I ) - -  . . . .  (1.!5) 

By a n a l y z i n g  the  b e h a v i o r  o f  the  func t ions  Qi  and u s i n g  (1.14) we can  e s t a b l i s h  tha t  the  l i ne s  of  the  f ron t s  AB 
and CD a r e  w e a k  d i s c o n t i n u i t y  l i n e s  (along t h e m  Qi  <0) and l i ne s  of  the  f ront  BC a r e  weak  s h o c k  w a v e s  (along 

t h e m  Qi  > 0). 

Le t  us  d e t e r m i n e  the  l i m i t s  of  a p p l i c a b i l i t y  of  the  l i n e a r  t h e o r y .  

A. In the  n e i g h b o r h o o d  of  a w e a k  s h o c k  f ron t  BC p r o p a g a t i n g  in a s t a t i o n a r y  gas  (dj =0) the  a s y m p t o t i c  
b e h a v i o r  o f  f(1) a c c o r d i n g  to  the  l i n e a r i z e d  L a g r a n g e - C a u c h y  i n t e g r a l  (1,3) is  w r i t t e n  in the  f o r m  

/ (1  . . . . .  (2'3)cQ(1 - r) :~'-' 0[(1 - r ) ~ " l ,  c = I(.~] 2-~, (1.16) 

w h e r e  f r o m  now on we o m i t  the  s u b s c r i p t  i .  

Us ing  (1.14), (1.16), (1 . t0) ,  and (1.11) in (1.2) and (1.3) we ob ta in  

P = e c Q l r l  - r • ~[(~, --  1)'2]c2Q "- -- . . .: (1.17) 

/ = - e c Q ( |  - r) ~/-' - e~[(7 1)/2]c'-Q"-(l - r) , . . . .  

F o r  r - l - ~ 2 Q 2  e x p a n s i o n s  (1.17), wh ich  a r e  o u t e r  a c c o r d i n g  to  the  t e r m i n o l o g y  of  [10], a r e  i r r e g u l a r ;  
i . e . ,  the  l o w e r  t e r m s  of  the  e x p a n s i o n s  b e c o m e  of  the  s a m e  o r d e r  as the  h i g h e r  t e r m s .  

A c c o r d i n g  to  (1.17) the  i n n e r  v a r i a b l e s  a r e  d e t e r m i n e d  by  the  e x p r e s s i o n s  

r 1 e2Q~5; P i-e- (~ - t)]Q~YI(6) + . . . ;  (1.18) 

] =- --[2e4 (y --  1)]Q~F(6) ~- . . . .  

The  c o r r e s p o n d i n g  s y s t e m  of  n o n l i n e a r  e q u a t i o n s ,  ana logous  to  the  equa t ions  of  o n e - d i m e n s i o n a l  s h o r t  w a v e s  
[11], and t h e i r  g e n e r a l  so lu t i on  have  the  f o r m  

2(F~ + 5)F66 - -  F~ = 0; II = F6; 

w h e r e  c 1 and c 2 a r e  a r b i t r a r y  func t ions  of  O. 

The  equa t ion  of  the  s h o c k  f ron t  is  6 = 5 , ,  and the  cond i t i ons  on it a r e  o b t a i n e d  f r o m  (1.18), (1.4), and (1.5): 

k i ' ' �9 -= = - -  e-Q-a,,  F~(5,) = - -26 , ;  1](5,) = F~(5,); F(6,)  0. (1.19) 

J o i n i n g  the  o u t e r  e x p a n s i o n  o f  o r d e r  ~2 to  the  i n n e r  e x p a n s i o n  of  o r d e r  ~2 and s a t i s f y i n g  cond i t i ons  (1.19), 
we ob t a in  

P =  ]r = ~-[(7 .'-- t)/2]c2Q2(t ~ Dr") + . . .; (1.20) 

P r  = - -  t/(~' -1- t)D ~2 + . . . .  D = 1 -~- ~(t - -  r),'e~(y + I)"-c2Q '', 

f = - - [ ( ?  + t)/2]e"-c~Q"-(t - -  r) - -  [(7 § l):'/12]e~c~Q-~(12- D ~'-') : -  ...; 

k - -  1 = [(? - i ) '~ ]p(# ,  o) = (3'16)e~(v § ~)~c='Q ~ i . . . .  

The  e x p r e s s i o n s  fo r  the  p o s i t i o n  o f  the  s h o c k  f ron t  and the  s t r e n g t h  a g r e e  wi th  t h o s e  o b t a i n e d  by the  
m e t h o d  of  s t r a i n e d  c o o r d i n a t e s  [5]. 

B. In the  n e i g h b o r h o o d  of a f ron t  o f  a w e a k  d i s c o n t i n u i t y  l ine  p r o p a g a t i n g  a long the  j - t h  f low,  l ike  c a s e  
A, u s i n g  the  e q u a t i o n s  fo r  the  s e c o n d  a p p r o x i m a t i o n  as  r - * l ,  we f ind 

p = e {d~ + cQ V - ~ - r  -~ 0 [(I - r)~:'~] } + e -~ {1~ -i- r ( ~ c Q / 2 ]  f l l  - " -+- 0 (|#1--~-~- r)~ ~- 0 (83), (1.21) 

f = e {/~) - -  (2/3) cQ(l  - -  r )  3/2 ~- 0 [ ( t  - -  r )5 /2]  } -~ e z {.%2) _ r ? ) c Q  | # t  _ r ~ ,  0 [(1 --,.),~;2] } 4_ 0 (e~). 
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The expansions  (1.21) are  i r r e g u l a r  for  1 - r ~ s ,  and t he re fo re  it is n e c e s s a r y  to introduce the inner  
v a r  iab le s 

r = l - - 8 z ;  f = / ~ - -  [2/( 7 - ?  t)][8~/~Gl(z, O) + e3G.,_(z, 0) q - . . . ] ;  
P = P~ + [2/(7 + 1)][83!2H1 -~- e~H2 A- . . .]. 

The equat ions for  the f i r s t  two approx imat ions  

111 = G,z, 2 (z q- r~ )) GI~ ~ --  GI~ = 0; 

I I  2 = G.,~;. 2 (z + r~-(1)'t) ~22~ "~ --  G., + 2GlzG1~z = 0 

a r e  e a s y  to  s o l v e  (the c i a r e  a r b i t r a r y  func t ions  of  0 ) :  

2 [E3/2C3 "1/ Z IA - r ~ ) +  e2 (c 5 | / z  + r ! .  1) ~ o P =  PJ q-~'--~--t ~ -rc~ ) + . . .}; (1.22) 

[ = ]5 --  ~-2 l [ ' ~  (z _~ r ~ ) )3/2 + c, ] e5/2 q_ 8a [ 2~_ (z ~_ _( l , "~ r~ , q- c ~z "ff- Cs ] -t-" . . . } . ~ 

Joining (1.21) and (1.22), we find c3= [@ +1)/2]cQ,  c4=c5=0.  Expansions (1.22) must  also sa t i s fy  the 
inner  boundary conditions following f r o m  (1.9) and (1.7). It may  be noted, however ,  that  the expansions are 
not un i formly  applicable in the neighborhood of a weak discontinuity line and sa t i s fy  the boundary conditions 
only up to quant i t ies  of  o r d e r  e o 

The middle expansions  (1.22) become i r r e g u l a r  for  l - r +  er~ ~) ~e~c~. Using these  expansions  we t r a n s f e r  
the s ingular i ty  f r o m  the line r = l  to the line r = l +  e r .  (~). 

In accordance  with (1.22) we wri te  the inner  expansion in the fo rm 

2 r = 1 + 8r~ ) --  e2c](o; P = Pj -4- ~ e~c2IIa (o) q- . . .  ; (1.23) 

t = / ~  - v--~--/8~c~G~ (~)  + "'" " 

The nonl inear  equations for  G 3 and II3, which desc r ibe  the flow close to a front propagat ing  by a uni form 
s t r e a m ,  and t he i r  gene ra l  solution have the f o r m  

2G3,oo , (o~ + Gao~ + r~)/c 2) - -  Gsz = 0; 113 = G3~; (1.24) 

I I  3 = (t • V 1 + c : ( r  + r(32)/c 2) )/c7; 

~_~ 2 c 2 [ l + c ; ( c 0 + . , , ~ 3 j j  + c s ,  

where  cz= [(3/+l) /2]eQ,  eT, c 8 are  a r b i t r a r y  functions of  0. Matching (1.23) and (1.24) and the middle expan-  
sions (1.22)we de t e rmine  c~= l .  The solution (1.23) and (1.24) with the lower  signs and c8=2/3 desc r ibes  the 
flow behind a weak discontinuity line and sa t i s f i e s  the conditions (1.7) to t e r m s  of o r d e r  e 2 inclusively.  

The e x p r e s s i o n s  for  the p r e s s u r e  grad ien ts  ca lcula ted  f r o m  the inner  solutions (1.20), (1.23), and (1.24) 

agree with (1.15). 

We note an impor tan t  detai l  inherent  in the p rob l em and in many r e s p e c t s  de termining  the ef fec t iveness  
of the plots drawn: the inner va r i ab l e s  5 and co depend on r and 0.  

The equation of  the l ines of equal  p r e s s u r e  p0)  = p .  in the neighborhood of a weak discontinuity front 

can be obtained f r o m  (1.24) and (1.23): 

r = l + 8r~ ) ~- ,~ (2:, dj) --  --  (1.25) e , ,  + (V q- t) e (p, --  (p. dj)e/(c2Q2). 

The equation of the l ines p(l,) = p .  in the neighborhood of a shock front is obtained f r o m  (1.20) and has 
the f o r m  of (1.25) with r ,  (1) = r ,  0) =dj =0. Calculat ions showed that  c lose to the fronts  the re  is an e s sen t i a l  
d i f ference between the actual  behav ior  of the pa ramete l ; s  and the line a r  theory  predic t ions .  

C. We ref ine the posi t ion of the plane shock f ronts .  The equation of the front BB l in cases  a - c  (Fig. 

1a-c)  is 

rcos(0 - -  cq) = [(? + l)/4]Mo sin ~t + l / -  t +{ [(7+1)/4]M0 sincq} 2. (1.26) 

The equat ion of the front ED in case  (c) is 

Mo sin g = r sin (0 - -  [3), (1.27) 
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where  fi is the angle between the f ront  ED and the axis 0 =0 fo r  which the r e l a t ion  [4] 

[~ = arcsin (l/M0) + [(? + 1)/4] [M02/(M0 --  t)] az + 0 (cr 

holds .  

w 2. The  l imi t s  of app l icab i l i ty  of the t h e o r y  of  See. 1, hence fo r th  r e f e r r e d  to as the o n e - d i m e n s i o n a l  inner  
t h e o r y ,  a re  d e t e r m i n e d  by the poss ib i l i t y  of  r e p r e s e n t i n g  l i nea r  so lu t ions  (1.12) n e a r  r = l  in the f o r m  (1.14). 
It can be shown that  the condi t ions  a re  v io la ted  for  [0 --  0 , [ ~ | # t  - -  r, whe re  0 is the angle of  any point o f  i n t e r -  
s ec t ion  o f  t h r e e  f ron t s  (points B. C of  Fig .  1). Tak ing  account  of the fact  tha t  Q i ~ I / ( 0 - 0 , )  as 0 ~  0 , ,  it can 
be conc luded  f r o m  (1.18) and (1.23) that  the o n e - d i m e n s i o n a l  inner  t h e o r y  is inappl icable  when 

r ~ t - -  0(e), I 0 --  0,1 - -  0(el'~). (2.1) 

TO inves t iga te  the flow in the in t e rac t ion  zones  whose d imens ions  are  d e t e r m i n e d  by (2.1) it is n e c e s -  
s a r y  to in t roduce  inner  v a r i a b l e s  [ accord ing  to (2.1), (1.18), and (1.23) in the in te rac t ion  zones  P ~ a ,  f ~ a  21 

r = t -- [(y + I)/2]EA; 0,  -- 0 = 1 / [ ( ?  + I)/2EY; (2.2) 

p = E!t(A, Y) + . . . ;  ] = - - [ (?  + t )  2 ] E ' - G ( A ,  Y )  4-  . . . .  

The pos i t ive  cons tan t s  in (2.2) w e r e  chosen  to s impl i fy  the f o r m  of  the inner  equat ions  and the boundary  
condi t ions  fo r  the i n t e r ac t ions  c o n s i d e r e d .  F o r  the in t e rac t ion  r eg ions  o c c u r r i n g  in c a s e s  (a) E =M 0 s in~j ;  
(b) E =aM0; (c) E =o~M 0, aM02/~M0----~-I. 

An important consequence of (2.2) is the similarity rule: the flows in the interaction zones in problems 
with various initial values of M 0 and aj are similar if the similarity parameter E is the same for these values. 
Substituting (2.2) into (1.2) and (1.3) and introducing the notation u =Gy, we obtain a system of nonlinear equa- 
tions describing the flow in the interaction zone in the first approximation: 

2(A -+- i-t)i-ta --  l-t + vy = 0; i-t = Ga ; va = i-tr. (2,3) 

We note tha t  s i m i l a r  s y s t e m s  of  equa t ions  are  obta ined  in inves t iga t ing  the in t e rac t ion  of  weak shock  
waves  [6, 7, 8, 12, 13] and con ica l  gas  flows [9, 14, 15]. 

In the c a s e s  c o n s i d e r e d  the in t e rac t ion  zones  a re  of  the s a m e  type  and the c o n s t r u c t i o n  of  so lu t ions  in 
t h e m  can be r educ e d  to the solut ion o f  the fol lowing bounda ry -va lue  p r o b l e m :  find the solut ion of  the s y s t e m  
of  equa t ions  (2.3) in the reg ion  BB2B3B4BsB ( F ig .  2) which pass  ove r  con t inuous ly  along BB 5 into the known so lu -  
t ion in the reg ion  B1BB 5 sa t i s fy ing  the inner  condi t ions  on BB 2 and the ma tch ing  condit ions with the known so lu -  
t ions  on B2B3B4B 5. 

The pos i t ion  of  plane f ron ts  BB 1 (1.26), (1.27) in the v a r i a b l e s  (2.2) is wr i t t en  in the f o r m  

2A -- Y: = --  1, A ~< --1, IYI >~ 1, (2.4) 

and the posi t ion  of  the weak  d iscont inu i ty  line BB 5 in the f o r m  

a = --i; I Y l > i  (2.5) 

Solving (2.4) and (2.5) s imu l t aneous ly ,  we de t e rmine  the coo rd ina t e s  o f  point B: 

Ae = --I; IYB! = t. (2.6) 

Hencefor th ,  we p r e s e n t  the fo rmula t ion  of  the bounda ry -va lue  p r o b l e m  only for  the ease  0B < 0* (Fig. 2a); 
in Eqs .  (2.4)-(2.6) Y >0. 

F o r  the damped  shock  f ront  BB 2 (Fig. 2b) we obtain f r o m  the exac t  r e l a t ions  (1.4) and (1.5) 

d A / d Y  = - - ] / - - 2 A  --  p; d A / d Y  = - -  v/i-t; (2.7) 

p = G•  ~< A < 0 ,  --cr < Y ~ < I ,  ,u ~ --2A). 

The las t  of  Eqs .  (2.7) is sa t i s f i ed  as a r e su l t  of  (2.3). 

The match ing  condi t ions  are  the inner  expans ions  of  o r d e r  ~2 and the c o r r e s p o n d i n g  o u t e r  (with r e s p e c t  
to the in t e rac t ion  zone) expans ions  o f  o r d e r  e 2. Tak ing  account  o f  h ighe r  o r d e r  t e r m s  in the ou t e r  expans ions  
does not change the ma tch ing  condi t ions .  

By r equ i r i ng  the pos i t ion  o f  the f ront  BB 2 to agree  with the posi t ion  given by the o n e - d i m e n s i o n a l  inner  
t h e o r y  [the las t  of  Eqs .  (1.20)] we find the equat ion of  the f ront  BB 2 in the ne ighborhood  of  point B 2 and the va lues  
of  the p a r a m e t e r s  on it as Y- -  - r  
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A = --3/2n-~Y 2 + . . .; ,a = 3/~2Y ~ § . . .; (2.8) 

v = --9,".n~Y 5 + . . . .  

On the b o u n d a r y  B2B 3 the  c o n d i t i o n s  fo r  j o i n i n g  wi th  the  s o l u t i o n  (1.20) as  V - + - - ~ ,  A ~ --3/2n2y~: 

it = (2/n2Y :) ( t  + D~2), D ,  = I 2- (:~:Y2 2) A; 

v = - -  (4A,a:Y 3) ( 1 -  D!j '2) --  (32/3naY ~) (I  + D~/2). (2.9) 

Us ing  (1.10) and ( 1 . 1 2 ) t h e  cond i t i ons  on the  b o u n d a r y  B3B 4 as  A ~  ~ , - ~ o  < y  < ~ a r e  

,u = ( i /n)  arctg(l, r2"~/ - -  y) ;  (2.10) 

v = ( I /a)(Y arc tg( l"2-A/- -  Y) + 1.2-A). 

The  v a l u e s  of  a r c t a n  in (2.10) a r e  t a k e n  in the  i n t e r v a l  (0, ~r). 

On the  b o u n d a r y  B4B 5 the  cond i t i ons  fo r  j o in ing  wi th  the  s o l u t i o n s  (1.23) and (1.24) as  Y ~  ~ ,  A >-- - 1  a r e  

~t = I + (2/~2Y2)(1 - -  DI?) ,  D~, = 1 + (n~Y2/2)(A + 1); (2.11) 
/ , )  

v - :  Y - - ( 4  (A ~-' l)/:t~Y 3) (1 + D~-)  - - (32 ,3~ 'Y  ~) ( l  - -  D,,5). ~'~ 

A c c o r d i n g  to  (1.7) and ( 1 . 8 ) o n  the  w e a k  d i s c o n t i n u i t y  l ine  BB s f o r / x  = - 1 ,  Y_> 1 

i t - -  l;  v = Y. (2.12) 

We note  tha t  in (2 .9)-(2.12)  on ly  one of  the  c ond i t i ons  fo r  # and v (e i ther )  need  be r e t a i n e d ,  s i n c e  the  
c ond i t i ons  s a t i s f y  the  s e c o n d  equa t ion  o f  the  s y s t e m  (2.3). 

Thus ,  the  p r o b l e m  (2.3), (2.7)-(2.12)  is  a b o u n d a r y - v a l u e  p r o b l e m  for  a s y s t e m  of  n o n l i n e a r  e l l i p t i c  e q u a -  
t i o n s  wi th  an unknown e l e m e n t  of  the  b o u n d a r y  [the p o s i t i o n  of  the  f ron t  BB 2 is  d e t e r m i n e d  in t e r m s  o f  the  s o l u -  
t ion  /~ = # ( A ,  y ) ]  and i t s  s o l u t i o n  d e s c r i b e s  in the  f i r s t  a p p r o x i m a t i o n  the  flow in the  i n t e r a c t i o n  zones  a r i s i n g  
in the  p r o b l e m s  c o n s i d e r e d .  

w 3.  L e t  us c o n s t r u c t  a n a p p r o x i m a t e  s o l u t i o n  of  p r o b l e m  (2.3), (2 .7)- (2 .12) .  The  e x a c t  p a r t i c u l a r  so lu t i on  
of  the  s y s t e m  of  e q u a t i o n s  (2.3) which  is  ana logous  to  tha t  found in [11] 

A = (Y'/2)tg~(~tk~ + k2) ~ ~t - -  ( l / 2kOs in2 (pk  ~ + ko.) - -  B sin'-'(~tk~ ~- ke); (3.1) 

v = Y[,u - -  (t/k1) tg (pk 1 + k.,)], kl, k 2, B ~ const, 

s a t i s f i e s  the  cond i t i ons  (2 .9)-(2.12)  and cond i t i ons  (2.7) at po in t  B fo r  the  fo l lowing  cho ice  of  c o n s t a n t s :  

k l - = - - k 2  = ~ for Y > 0 ;  kl = ~t, k 2 = 0  for Y < 0 .  (3.2) 

We note  tha t  a d i f f e r en t  cho i ce  of  c o n s t a n t s  fo r  Y < 0 and Y > 0 does  not i m p l y  tha t  so lu t ion  (3.1) is  d i s c o n t i n u -  
ous  at Y =0 ( - t a r i f f ( I -  u) = t an  rrp e t c . ) .  

When  c o n d i t i o n s  (2.7) and (2.8) a r e  s a t i s f i e d  t h e r e  i s  on ly  one a r b i t r a r y  cons t an t  B. I f  we t r a n s f o r m  
t o t h e  new i n d e p e n d e n t v a r i a b l e s  p v ,  Eq.  (2.7) t a k e s  the  f o r m  

dv/d~ = --(A~ + Y ~ V - - 2 A  - -  p)/(Av + Y ~ , V - - 2 A  - -  ~t); (3.3) 

dv/d~t = --(~tA. -}- vY~ )/(~Av + vY~, ). 

D i r e c t  s u b s t i t u t i o n  shows  tha t  the  f a m i l y  o f  c u r v e s  

v2 = [n2~t2 _L J ts in2~p(p  + B/2) - -  sin2~t + Bzt 2 (1 - -  ~t cos 2~t~)]/k3, (3.4) 

k a = a-'(~L - -  (l/2zt)sin2rqx)/[cosg~t(l - -  (l/zt)tg~t~t) ]'-" 

s a t i s f i e s  the  s e c o n d  o f  cond i t i ons  (3.3). The  cho i ce  fro.m (3.4) of  the  c u r v e  having  the  c o r r e c t  a s y m p t o t i c  b e -  
h a v i o r  as  i t  e m e r g e s  f r o m  the  i n t e r a c t i o n  z o n e s ,  as  d e t e r m i n e d  by Eqs .  (2.8), l e a d s  to  the  r e q u i r e m e n t  B =0.  

The  r e m a i n i n g  r e l a t i o n  of  (3.3) is  the  d i f f e r e n t i a l  equa t ion  of  the  f ron t  BB2, and i f  so lu t ion  (3.1), t a k i n g  
account  of  (3.2) and the  fac t  tha t  B = 0 ,  i s  an e x a c t  so lu t i on  o f  p r o b l e m  (2.3), (2 .7)- (2 .12) ,  the  c u r v e  d e t e r m i n e d  
by  i t  [we have  the  i n i t i a l  cond i t i ons  fo r  the  i n t e g r a t i o n  f r o m  (2.6) and (2.12)] shou ld  a g r e e  wi th  c u r v e  (3.4) fo r  
B = 0. U n f o r t u n a t e l y , t h i s  i s  not  t he  c a s e ,  but c a l c u l a t i o n s  showed  tha t  the  d i f f e r e n c e  in p o s i t i o n  of  t h e s e  c u r v e s  
is  v e r y  s m a l l .  

F r o m  the  s o l u t i o n  (2.2), (3.2), and (3.4) we can  c o n s t r u c t  the  d i s t r i b u t i o n  of  i s o b a r s  in the  i n t e r a c t i o n  
zone in the  A, y p l a n e  and in t he  p h y s i c a l  p l a n e  f o r  v a r i o u s  v a l u e s  of  the  s i m i l a r i t y  p a r a m e t e r  E. T h e s e  d i s -  

3 3 4  
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t r ibut ions  prac t ica l ly  coincide with those const ructed  f rom (2.2), (3.17, (3.2), and the f i rs t  of Eqs. (3.37, and, 
consequently,  will be a good approximation to the exact solution of the boundary--value problem (2.37, (2.7)- 

(2.12). 

Figure 3 shows the distr ibution of i sobars  in the physical  plane for  E =0.175. The open curve indicates 
the boundary of the per tu rbed  region in the l inear  approximation.  Beyond the l imits of the interact ion zone 
the level  lines are calculated f rom (1.25). The only calculations available for  compar ison with our  resu l t s  
are those pe r f o r med  numer ica l ly  in [3] for  case (b). Comparison shows sa t i s fac tory  agreement  between the 
resu l t s  of the nonl inear  theory  and the numer ica l  calculations (E =0.175,  Fig. 3 of [3]). Outside the neighbor-  
hood of the wave boundary of the pe r tu rbed  region the nonl inear  solutions agree with those of the l inear  theory  
(1.12), and for  E <0.04 they go over  prac t ica l ly  continuously into (1.12). 
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